Abstract-A mathematical formulation is developed for systematic tracking of the random movement of a mobile station in a cellular environment. It incorporates mobility parameters under the most generalized conditions, so that the model can be tailored to be applicable in most cellular environments. This mobility model is used to characterize different mobility-related traffic parameters in cellular systems. These include the distribution of the cell residence time of both new and handover calls, channel holding time, and the average number of handovers. It is shown that the cell resistance time can be described by the generalized gamma distribution. It is also shown that the negative exponential distribution is a good approximation for describing the channel holding time.
I. INTRODUCTION

T HE MOBILITY model plays an important role in exam-
ining different issues involved in a cellular system such as handover, offered traffic, dimensioning of signaling network, user location updating, registration, paging, multilayer network management, and the like. In the general case, the mobility modeling should include changes in both the direction and speed of the mobile. Since the moving direction and the speed of a mobile are both nondeterministic variables, the path of a mobile will be a random trajectory. Tracing this trajectory requires a systematic formulation of the geometrical relations governing the complex problem of random movement. A review of the available literature on this subject reveals that only a few of the works have dealt with the related matter in detail, although the need for a comprehensive study is evident. Mobility models developed in the literature [1] , [2] assume constant speeds drawn from given probability distributions. Guérin [3] has developed a mobility model where the direction of a mobile is allowed to change at certain points in time. Tekinay [4] has proposed an approach based on the twodimensional random walk where the users are uniformly distributed in the area. This characteristizes the mobile movement as a modified Brownian motion. Some of the works consider mobility models for specific application purposes, such as grid patterns for two-dimensional space [5] and highway patterns for one-dimensional space [6] . The mobility model proposed in this paper considers all of the possible mobility-related parameters including: mobile origin attributes (initial position, direction, and speed), ongoing attributes (changes in position, direction, and speed), and mobile destination attributes (final position, direction, and speed). This model is used to obtain different mobility-related traffic parameters. Guérin [3] has shown that the channel holding time follows a negative exponential distribution. Morales-Andres et al. [7] and Thomas et al. [8] have used a fluid-flow model of mobility, and have analytically formulated the cell boundary crossing rate. Pollini et al. [9] have used these results to calculate the amount of signaling information needed to deliver calls to mobile stations. Seskar et al. [10] have shown via simulation that while the model given in [8] provides a good estimate of the boundary crossing rates for a Manhattan grid of sheets, other conditions lead to crossing rates larger or smaller than those of the model. Nanda [11] and Hong et al. [1] have analyzed the mean handover rate. Among the different mobility-related traffic parameters, one that has not received sufficient attention so far is the user's cell residence time. Therefore, an appropriate probability distribution that accurately describes the cell residence time remains an issue to be investigated. A literature survey shows that a relatively few in-depth papers have been published on this subject, and most of these are restricted to simple mobility situations.
Hong and Rappaport [1] have made an elaborate analysis to obtain the cell residence time probability density function (pdf) for a simplified case of mobility in which there is no change in speed or direction of the mobile. Further, in this work, the initial speed of the mobile was assumed to follow a uniform distribution. Del Re et al. [2] have assumed that mobiles, before crossing a cell, travel a distance uniformly distributed between 0 and where is the hexagonal cell side. They also assume a constant speed with uniform distribution and conclude that the pdf of cell residence time is different from that shown in [1] . Inoue et al. [12] have applied the procedure of [1] for the case of nonuniform speed distribution. However, they end up with a set of unsolved integral equations. Yeung and Nanda [13] , [14] , Xie and Kuek [15] , and Xie and Goodman [16] have shown that, contrary to the assumption made in [1] , the speed and direction distributions of the in-cell mobiles are different from those of the cell-crossing mobiles. A more precise distribution for the speed and direction can be obtained using their biased sampling formula.
While Sanchez Vargas [17] and Lue [18] have assumed cell residence time to be uniformly distributed over the call duration, Nanda [11] and Lin et al. [19] have taken a general distribution for the cell residence time. Malyan et al. [20] have proposed a model where a mobile is positioned initially at the center of a circular coverage area, and its cell residence time is obtained by using a two-dimensional random walk model. Generally, for the sake of simplicity, in the absence of any proven probability distribution, many authors dealing with the mobility problem have assumed, either explicitly or implicitly, the cell residence time to be an exponentially distributed random variable [21] - [28] .
Another important parameter that appears in relation to cellular mobile systems is the channel holding (or occupancy) time. A knowledge of the channel holding time probability distribution function is necessary to obtain an accurate analysis of many teletraffic issues that arise in the planning and design of cellular mobile radio systems. The channel holding time of a cell is defined as the time during which a new or handover call occupies a channel in the given cell, and it is dependent on the mobility of the user. While this is similar to the call holding time in the fixed telephone network, it is often a fraction of the total call duration in a cellular mobile network and need not have the same statistical properties. Negative exponential distributions have been assumed to describe the channel holding time in modeling large and single-cell systems [29] - [31] . Guérin [3] has extended this by attempting to describe the channel holding time by the negative exponential distribution.
The outline of this paper is as follows. A systematic tracking of the random movement of a mobile station in a cellular environment is formulated mathematically in Sections II and III. Based on this formulation, a computer simulation is developed to obtain the behavior of different mobility-related parameters. An analysis of data obtained by simulation is given in Section IV, which shows that the generalized gamma distribution function is a good approximation for the cell residence time distribution. Section V deals with the mean cell residence time. The effect of changes in direction and speed is analyzed, and empirical relationships that relate these changes to the cell size are derived in Section VI. In Section VII, an expression to determine the average number of handovers in a cell is derived. Section VIII shows that the channel holding time of a cellular network is a negative exponential distribution.
II. TRACING OF A MOBILE INSIDE THE CELL
The trajectory of a mobile in the cellular environment is shown in Fig. 1 . Let denote the position of a mobile at an instant
The coordinates of the mobile at any instant of time can be determined from the following relations [32] : (1) (2) where is the supplementary angle between the current direction of the mobile and the line connecting the previous position of the mobile to the base station, is the change in direction at time with respect to the previous direction, is the magnitude of the angle between the mobile's previous direction and the line joining the mobile's current position to the reference point (base station), and is the distance traversed during the time interval between and If the mobile speed during is assumed to be then, The signs or depend on the successive positioning of the mobile, and have to be ascertained as shown latter. In order to simplify the formulation, a coordinate system is defined with its origin at the current location of the mobile. In this coordinate system, the positive axis coincides with the mobile's previous moving direction, and the axis coincides with the line joining the current mobile location to the base station. The positive direction of the axis is obtained by turning counterclockwise from the axis until the axis is met. The angle between the two axes can be any value between 0 and depending on the previous direction of the mobile (Fig. 2) . Such a coordinate system is dynamic in the sense that its origin and axes orientation change according to the successive locations and directions of the mobile. Further, it can be seen that the positive axis can be either toward or outwards from the base station, depending on the mobile movement direction.
Consider a mobile located at point at time If the mobile approaches the point as shown in Fig. 3(a) , then the positive axis is toward the base station. However, if the mobile approaches the point as shown in Fig. 3(b) , then the positive axis is outwards from the base station. Notice that the line joining the mobile to the base station divides the cell space into two regions. If the positive axis at point is toward the base station, then will relate to such that the two regions can be identified as 
Since any value of may satisfy one of (3) and one of (4), to determine uniquely, we proceed as follows. Consider two successive points and in the mobile path (Fig. 4 ). Let and be the lines joining the base station to the points and Depending on the directions of the mobile at time 
Inspection of any of these cases reveals that the mobile movement is related to the regional transitions. That is, in case I, the mobile movement is such that it enters the region at point This mobile has the option of moving either to or to in continuing its movement at point As another example, consider case II. At point the mobile enters the region At point it has the option of moving either to or to
The same argument could be put in cases III and IV. These can be summarized as case I a mobile moving in will continue its motion either in or case II a mobile moving in will continue its motion either in or case III a mobile moving in will continue its motion either in or case IV a mobile moving in will continue its motion either in or (6) Examination of the successive positions of the mobile reveals that the mobile movement could be tagged to the regional transitions. For instance, a mobile in region at time can remain in region or move to region at time A mobile in region at time can move to either region or region at time and so on. The value of depends on the current and the previous states of the mobile. For instance, if the mobile arrives at time to region (either from region or region is given by where Further, the condition for the arrival at region is given by Similarly, the condition for the arrival at other states and the corresponding expressions for can be found according to Fig. 5 , and can be tabulated as shown in Table I .
III. TRACING OF MOBILE OUTSIDE THE CELL
In order to follow the trajectory of a mobile moving outside a cell, it is necessary to trace it as it moves to adjacent cells, and this is described in [32] .
IV. CELL RESIDENCE TIME DISTRIBUTION
Depending on whether a call is originated in a cell or handed over from a neighboring cell, two different cell residence times can be specified. They are the new call cell residence time and the handover call cell residence time, respectively. The new call cell residence time is defined as the length of time a mobile terminal resides in the cell where the call originated before crossing the cell boundary. Similarly, the handover call cell residence time is defined as the time spent by a mobile in a given cell to which the call was handed over from a neighboring cell before crossing to another cell. The new call cell residence time and the handover call cell residence time are two random variables whose distributions have to be found. The term "cell residence time" is also labeled as the mobile sojourn time, dwell time or block holding time by some authors [14] , [33] , [34] .
A. Simplified Case
Let and denote the probability density of the new call and handover call cell residence times, respectively. These probability functions can be obtained by [1] (Fig. 6 ) (7) (8)
In [15] and [16] , it is shown that the speed and direction distributions of the in-cell mobiles are different from those of the cell-boundary crossing mobiles. Let denote the pdf of the speeds of the in-cell mobiles, and let denote the pdf of the speeds of the cell-boundary crossing mobiles. Based on the biased sampling [35] , it can be shown that otherwise (9) where is the mean speed. Similarly, let be the pdf of the directions of all mobile stations, which is uniform in the range Based on the biased sampling, the pdf of the directions of the cell-boundary crossing terminals can be obtained as otherwise. (10) Considering (9) and (10), the relations for and can be modified accordingly.
B. Generalized Case
Equations (7)- (8) represent the new and handover call cell residence time distributions for the simplified case of mobility in which there is no change in the speed and direction of the mobile, and there is no biasing in the speed or direction of the boundary crossing mobiles. In a general case, the mobility modeling should include changes in the direction and speed of the mobile. Moreover, it is unrealistic to assume that the speed is uniformly distributed and remains constant. It is virtually impossible to extend the analysis of the simplified case to cover the general case of mobility, and simulation appears to be the only way out. Based on the mobility model developed in Sections II and III, a computer simulation can be developed to study the mobility under generalized assumptions for different mobility-related parameters. Assumptions include: 1) users are independent and uniformly distributed over the entire region, 2) mobiles are allowed to move away from the starting point in any direction with equal probability, 3) the probability of the variation of the mobile direction (i.e., drift) along its path is taken to be a uniform distribution limited in the range of with respect to the current direction, 4) the initial velocity of the mobile stations is assumed to be a random variable with Gaussian probability density function truncated in the range km/h], and 5) the velocity increment of each mobile is taken to be a uniformly distributed random variable in the range 10% of the current velocity.
What is of importance here is not the actual mobile trajectories, but the distribution of the users' cell residence time. With this in mind, we wish to test the hypothesis tht the new call and handover call residence time data follow a particular probability distribution. Following [36] and [37] , we proceed with the generalized gamma distribution which provides probability density functions of the form (11) where is the gamma function, defined as for any real and positive number The evaluation of the agreement between the distributions obtained by simulation and the best-fit generalized gamma distribution 
The data represent the case of mobiles with an average speed of 50 km/h and zero drift. Fig. 7 illustrates the probability density function of the new call cell residence time, obtained by simulation, and the equivalent generalized gamma function.
V. MEAN CELL RESIDENCE TIME
The mean cell residence time for the new call and the handover call can be found by the following relations:
Yeung and Nanda [13] , [14] , have shown that for an arbitrary speed pdf and zero drift, the mean cell residence time can be obtained by the following equations: (15) (16) where is the cell radius and is the speed of the mobile in the cell. A comparison of the results obtained from (15)- (16) with (13)- (14) assuming generalized gamma pdf for and shows that the difference (error) is less than 0.05% in the case of new calls and 0.015% in the case of handover calls.
VI. EFFECT OF CHANGE IN DIRECTION AND SPEED
Depending on the street structure, a mobile can move in different paths and may possess different speeds. The extent of a mobile's change in direction (drift) and change in speed are the two parameters that govern its mobility pattern. The effect of change in the direction and/or speed of mobiles can be considered as equivalent to a change in the average distance traveled or time spent in the cell before moving out. Thus, any increase in a mobile's drift can be treated as contributing to an effective increase in the cell radius. Similarly, any increase in speed of the mobile can be treated as contributing to a decrease in the cell residence time, which can be interpreted as an effective decrease in the cell size. Therefore, cells with a broad variety of mobility parameters can be replaced by an equivalent reference cell with an effective radius. A reference cell is defined as a cell with the following mobility parameters.
1) The mobile moves in a straight path, i.e.,
2) The initial speed of a mobile follows a truncated Gaussian pdf with an average of km/h and standard deviation of km/h. The main aim is to relate cells with given mobility parameters (i.e., drift and average speed to the reference cell. Two different cases are considered.
Case 1) Cells in which mobiles move with a drift pdf in the range degrees and speed pdf similar to that of the reference cell. The radius of such cells is denoted by Case 2) Cells in which mobiles move with zero drift (similar to the reference cell) and a truncated Gaussian speed pdf with an average value of km/h and standard deviation of km/h. The radius of such cells is denoted by Consider a cell with the radius of having mobility parameters according to Case 1). The radius of the equivalent cell (which has the same residence time, but mobility parameters of the reference cell) is given by (17) where is the excess cell radius. Fig. 8 shows the excess cell radius for different drift limits. These curves allow handling of a variety of coverage areas with different street orientations and traffic flows by representing those with mobility equivalent cells with zero drift. The data obtained by simulation satisfy the empirical relation of (18) in a least mean-square sense (18) Therefore, the equivalent cell radius will be (19) where is the proportionality factor and is equal to In the same manner, consider a cell with the radius of and mobility parameters according to Case 2). The radius of an equivalent reference cell which has the same cell residence time but the mobility parameters of a reference cell, is given by (20) where is the excess cell radius. Fig. 9 shows the excess cell radius for different values of speed obtained by simulation. The data obtained by simulation satisfy the empirical equation (21) 
Considering
as the proportionality factor, the equivalent cell radius will be (22) In a case where both drift and speed are different from those of the reference cell, the equivalent cell radius for a cell of radius can be obtained by the following relation is the cell radius of a cell which supports the mobility parameters of and :
Therefore, in a cell of radius the gamma distribution parameters for a mobile with an average speed and a drift can be described as per (12) new call handover call new call handover call new call handover call.
VII. AVERAGE NUMBER OF HANDOVERS
A mobile can move through several cells while being involved in a call. The number of times a mobile crosses different boundaries during a call is a random variable dependent on the cell size, call holding time, and mobility parameters. Each handover requires network resources to reroute the call through a new base station. It is preferred to have as few handovers as possible in order to alleviate the switching load and to decrease the processing burden required in the system. The number of handovers has a lower bound which is equal to the number of boundary crossings a mobile undergoes. As the number of handovers increases, the handover decision algorithms need to be enhanced so that the perceived QoS does not deteriorate and the cellular infrastructure cost does not skyrocket. In the following subsections, we present two different methods to determine the average number of handovers in a cellular system.
A. Method I
The average number of times a nonblocked call is successfully handed over to the neighbor cell during the call can be obtained from (25) where is the probability that a nonblocked call has successful handovers to the successive cells during its lifetime and is an integer random variable. Let be the probability that a nonblocked new call will require at least one handover before completion, let denote the probbility that a nonfailed handover call will require at least one more handover before completion, and let be the probability that a handover attempt fails. Then [4] (26)
Substituting (26) in (25) gives the average number of handovers per call as the following: (27) Let random variables denote the new call residence time, the handover call residence time, and the call holding time, respectively. From classical teletraffic theories, it is well known that the call holding time follows a negative exponential distribution, i.e., the probability that any randomly selected call holding time will end in time duration is (28) where is the average call holding time. The value of can be obtained by (29) is mainly dependent on the mobility of the users, and has no influence on the call duration Therefore (30) Similarly, the value of can be obtained by the following equation:
The values of and can be numerically evaluated by substituting a generalized gamma pdf for and in (30) - (31), respectively.
B. Method II
Consider a noise traversing a path with consecutive cell residence times as in Fig. 10 . Assume that a call starts at point so that the remaining cell residence time in the cell is In other words, the random variable is the handover cal cell residence time, and the random variable is the new call cell residence time. The random variables and are assumed to be independent and identically distributed with general distributions of and
The Laplace transform of the handover call cell residence time can be defined as (32) From the excess life theorem [38] (or residual service time [39] ), the Laplace transformation of the new call cell residence time can be obtained as the following:
The number of handovers experienced by a call depends on the call holding time (which is exponentially distributed with mean and can be obtained as follows [11] :
Considering and using (32), we rewrite (34) as follows: (35) Taking the expectation of (35) and considering (32) and (33), we have (36) Fig. 11 shows the average number of handovers per call for the reference cell described in Section VI. This figure compares the results obtained from (27) and (36) . Agreement of the two results is a justification of the validity of the proposed cell residence time distributions.
VIII. CHANNEL HOLDING TIME DISTRIBUTION
The channel holding (or occupancy) time is a random variable defined as the length of time starting from the instant a channel in a cell is seized by the arrival of either a new or a handover call, until the time the channel is released either by completion of the call or by handing over to another cell. In other words, the time spent by a user on a particular channel in a given cell is the channel holding time. The channel holding time is somewhat equivalent to the call duration in the fixed telephone network. However, in the case of cellular mobile networks, most often it only corresponds to a portion of the total call duration in which the mobile is locatd in an associated cell.
The channel holding time is a function of the system parameters such as cell size, user location, user mobility, and call duration. In Fig. 12 , the time intervals among points and show the channel holding time for three new calls originating at points and The time intervals between points , and show the channel holding time for handover calls. When a new call is set up, a channel is occupied until the call is completed in the originating cell or the mobile moves out of the cell. Therefore, the channel holding time of the new call is either or whichever is less [ Fig. 13 (a)]
A similar reasoning applies to a call which is handed over from a neighboring cell. In this case, the channel is occupied until the call is completed in Fig. 13(b) ] or the mobile moves out to another cell in Fig. 13(b) ]. Because of the memoryless property of the exponential distribution, the residual call time after a handover is independent of the time elapsed since the start of the call. As a result, the probability distribution of the residual call time given the time elapsed since the start of the call is the same as the original call duration Therefore, the channel holding time of the handover call is either or whichever is less (38) Since and are mainly dependent on the physical movement of the mobile, and have no influence on the total call duration it is reasonable to assume that the random variables and are independent of Therefore, the distribution function of the and can be calculated by (39) The distribution of the channel holding time in a given cell is a weighted function of and If is the fraction of the average nonblocked new calls out of the average total number of calls in a cell, the fraction of the average number of successful handed over calls will be Therefore, the distribution function of the channel holding time including both new and handover calls will be A numerical solution to (42), assuming and with a generalized gamma distribution, indicates that the distribution function of the channel holding time in a cell follows an exponential distribution. Fig. 14 shows the distribution functions of the random variables and for a cell size of 3 km. The same figure shows a comparison of the exponential distribution with the same average value as that of It can be seen that the channel holding time distribution fits well with the exponential distribution. This agrees with the result obtained in [3] and assumed in [1] . The average channel holding time is a function of cell parameters such as mobility, cell size, and average call holding time. Fig. 15 illustrates the variation of the average channel holding time with cell size for the reference cell. It shows that as the cell size increases, the average channel holding time approaches the average call holding time which can be expected.
IX. CONCLUSIONS
In this paper, a mathematical formulation is developed for the systematic tracking of the random movement of a mobile station in a cellular environment. It incorporates mobility parameters under genrealized conditions in a quasirandom fashion with assigned degrees of freedom, so that the model could be tailored to be applicable in most cellular systems. The proposed model is used to characterize different mobilityrelated traffic parameters in cellular mobile communication systems. These include the distribution of the cell residence time of both new and handover calls, the channel holding time, and the average number of handovers per call. Results show that the generalized gamma distribution is adequate to describe the cell residence time distribution of both new and handover calls. It is also shown that the negative exponential distribution is a good approximation for the channel holding time distribution in cellular mobile systems. In order that the results could be made applicable to a wide range of cellular environments, it was shown that an increase in mobile drift in a cell can be treated as contributing to an effective increase in the cell radius. Similarly, it was shown that an increase in the speed of a mobile in a cell can be treated as contributing to a decrease in the cell size, and vice versa. Taking this excess cell radius into account for different values of drift and speed, a broad variety of cell coverage areas with different street orientations and traffic flows can be handled by the proposed mobility model.
